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Abstract: A mathematical model of the spatial vibration powertrain bus considering geometric
nonlinearity of system and gyroscopic system effects has been elaborated. The comparative analysis of
the vibration characteristics of the power unit in case of installing it on three, four or five bearings in the
working frequency range of loads due to dynamic unbalance elements of the engine has been elaborated.
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1. Introduction

With the development of a fleet of vehicles, as
well as wide range of power units that can be
mounted on cars and buses, much attention is paid
to the vibration and acoustic comfort of drivers and
passengers as due to international and national
standards, and to maintain health, safe
transportation of goods, reliable operation of all
machinery and systems of the vehicle. [1-6].

Vibration  Active power plant, which
significantly affects the mechanical vibrations of
the whole system of the vehicle, essentially
depends on the mode of the engine. Engine, as a
source of vibration, creates the most adverse
impact on the city bus, the movement is
characterized by the fact that the engine is running
at idle more than 1/3 of the total operating time and
the fact that the duration of the phases of rapid and
slow motion is more than half the total time
operation [3, 5, 6, 7].

Vibration power plant due to dynamic
unbalance motor elements, mainly researched on
the basis of linear, mostly flat computational
models [1, 2, 7]. The more accurate - spatial
models of vibrating processes powertrains have
been proposed in scientific works [5]. Interference
of the aggregate oscillations and load carrying
structure, which is caused by the movement of a
car or bus on the road with irregularities, is
analyzed on the basis of simplified chain or flat
models [1, 2, 7], because the amplitudes of vertical
oscillation of the body and aggregate are the
largest in these regimes. The oscillations of the

elements of the vehicle in the vertical plane and
dynamic  phenomena in  transmission are
considered together in scientific works [1, 2].
Despite the fact that the theory of spatial
fluctuations in solids and their systems sufficiently
processed [8], the question of selecting the number
of poles of the power unit, their characteristics and
rational allocation is not fully covered in the
literature. At the same time, their solution is a
prerequisite for effective design of vehicles.

2. Setting of the Problem

This work concerns the development goal of the
mathematical model of spatial fluctuations
powertrain bus considering geometric nonlinearity
and gyroscopic effects and comparative analysis of
vibration characteristics of the power unit in case
of installing it on three, four or five poles in the
working frequency range of loads caused by
dynamic Imbalance elements engine (from 12,732
to 35,014 Hz, corresponding cyclic frequency
range from 80 to 220 rad/s).

3. The Mathematical Model of Spatial
Oscillations of the Power Aggregate

The power aggregate of the wvehicle is
considered as a rigid body installed on a stationary
basis at n elastic supports (Fig. 1). To determine
the position of the power aggregate at an arbitrary
point in time we use three coordinate systems: a
fixed system OXgYozo, the system always linked to
power aggregate CEnc, the beginning of which is
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located in the center of gravity of the aggregate,
and the axis is the principal axis of inertia and the
system Cxyz, which beginning coincides with the
center of gravity of the aggregate, and the axis are
moving parallel with respect to the fixed
coordinate system.

We assume that the beginnings of the
coordinates of all three systems are the same at the
initial time.

Spatial oscillations of the power aggregate
will be regarded as the result of the imposition of
translational motion of its center of gravity C and
spherical motion around its center. The position of
the center of gravity C in a fixed coordinate system
will be determined by the center coordinates x., Y.,
Z., and the position of the aggregate in its spherical
movement - using Euler angles v, 6, ¢ (fig.1).

Figure 1: The coordinate systems for the study of
spatial oscillations of the power aggregate

The equations of translational motion of the
center of mass of the power aggregate in a fixed
coordinate system can be written as:

v, n
m dt :Fx_szi;
i=1
dv,, Zn: dv Zn: 1)
m—2=F —-YR;; m—<=F,->R,,
dt y = yi dt z = z

where m — the mass of the power aggregate, V.x, V.,
v.; — projection of velocity of the center of mass on
a fixed axis Oxo, Oy, i Ozp; Fy, Fy, F, - the
projection of the main vector of loads caused by
dynamic unbalance mechanisms, reduced to the
center of gravity of the aggregate on the fixed
axes; Ry, Ryi, Rsi (i=1, 2, ..., 4) — the projection of
reactions of elastic supports on a fixed axis; t —
time.

For the coordinates of the center of mass of
aggregate the fair interrelations are

dx, o dy, . dz
E:chv F:ch! H:ch- (2

The equation of spherical motion of the power
aggregate around the point C a PiBusHHA
chepryHOro pyXy CHIIOBOTO arperaty HaBKOJIO
touku C record in the moving coordinate system

CénCas
do n
: _ .
Je 5o tono(lg=ly ) =Me =3 Ly
i=1

do, n _
o +®C®§(Ié_IC)ZMn_Z;,Lni’ (3)
i=

do n
% dtg+m§(”n(|n_li)=MC__Z;4LCi’
i=

where J;, J,, J. — aggregate principal moments of
inertia relative to axes C&, Cn, CC; o, ®, o —
projection of the angular velocity of the body on
the axis C¢, Cn, CC, M. M, M. — points of
pressures relative connected with the aggregate of
axes C¢, Cn, CC; Ly, Ly, L (i=1, 2, ..., n) —
reaction times of elastic supports relatively to the
relevant axes.

The projections of the vector of angular
velocity of the body on the invariably connected
with it axes determine by the formula Euler

o =sinOsino+0cose;

o, =sin0cose—0sing; o, =y cosd+¢. )
with the notation
write the relation (4) in matrix form
Qe =GQ,, (6)
where Q; i Q, — matrix-column
Q; = col(mé,mn,wg),
Q, :Col(o)w,o)e,m(b); ")
G — square matrix of coordinate transformation
sin@sing cose 0
G =|sinBcosp —sine 0 |. (8)

cosoO 0 1

Differentiating (6) with time, using (8) we obtain:
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daQ daa
€ v
—=-6—Y+HQ,, 9
dt gt v ©)
b 96 _

dt
g COSOSIN G+ oy SiNOCOSP  —wysing 0
=| wp COSOCOSh— 0y SINOsING 0 0.
- SiNO 0 0
(10)

We assume that the load due to dynamic
unbalance of the motor mechanisms are defined in
the moving sysyem of coordinates C&ng, and
reaction of supports - in the fixed Oxoyozo.
Projections of the main vector of loads on a fixed
axis is found as

Fo=D-Fs, (11)
where

Fo =col(F. Fy.F, } Fe =collF:,Fy, Fe)
elements of the matrix D respectively equal

dy1 = COSy COSd —Siny cososin ¢;

dy, =—cosysin¢ —siny cosOcos ¢,

di3 =sinysino;
d,, =Siny cos¢ + Ccosy cososin ¢;
d,, =—sinysin ¢ + cosy cos 0 cos ¢;
d,3 =—cosysing;
dg; =sinBsin ¢; ds, =sinBcos¢; d,g =C0SH.
(12)

Here F;, F,, F. — the main vector projection of
loads on the axis of the system C&nc.
Projections of the main vector of reactions of
supports on fixed axes found in the form of

ROIZn:[Ci(Xi ~5i)+Nv;] (13)
i=1

where Ry — matrix-column of the projections of the
main vector of reactions,

n n n
RO = COI[Z in ’zRyi -szi } (14)
-1 =l =l
X, 1 &, — matrix-column of the coordinates of
control points of aggregate in a fixed invariably
linked with the body coordinate systems

Xi =col(x;,yi, z).  Ej=col&,mi, &) (15)
V; — matrix-column of the projections of velocity
vectors of control points on the fixed axes

Vi =COI(innyiaVzi ) (16)
Ci i N; — square matrix stiffness and viscous
friction coefficient of elastic support of the power
aggregate,

Cxi Cxyi Cxzi Uyxi Uxyi Vxzi
Ci =| Cyxi Cyi Cysi | Nj= Uyxi Vyi Vyzi | (17)
Cxxi Czyi Cii Ui Vzyi Yizi

The coordinates of the points of securing the
power aggregate in a moving coordinate system
Céng are given geometric characteristics of the
aggregate. In the fixed coordinate system OXxoYoZo
the coordinates of these points are found in the
form

Xi=Xﬁ+D-Ei, (18)

Moreover, the matrix D is defined by relation
(12). The velocities of elastic fastening points of
the power aggregate in a coordinate system C&ng
found in a

Vei = A€, (19)

where V. — matrix-column of the projection of
velocities,

Vi :col(vai Vi ,VCi)
A; — square matrix,

0 C,z —Ms
Ai=[-G 0 & | (20)
Ns —§3 0

The connection of the projections of velocity
of fixing points of the body in fixed Oxgyozo and
moving Céng coordinate systems is expressed with
dependence

Vi =DV . (21)

Considering dependences (6), (19), (21) we
obtain

Vi = DAiGQ\u . (22)

Substituting in equation (13) expressions (18)
and (22), we obtain

n

Ry=>(Ci[ Xc +(D-1)E; |+ NiDAGR, ). (23)
i=1
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Considering  (11), (23), equations of
translational motion of the center of mass of the
power aggregate (1), (2) reduce to the form

dv dX
m—< = Fy —Ry; € =V,, 24
g -0 R o= Ve (24)

where

X =col(Xe, Yo  Ze )i Ve = ColVey,Vey Vez )
The equation of a spherical movement of the
power aggregate (3) is rewritten using (6) and (9)
in matrix form

dQ,
J|6—HHO, [+KO=M-L, (25)

where J — diagonal matrix of the main central
moments of inertia of the aggregate,

J =diag(Jg, 3y, 3¢ );
K — square matrix
Je = Iy 0 0
K=| 0 Je —J¢ 0o |
0 0 In—Je

Q — matrix-column,
(cow sin0.cos ¢ — wg sin ¢)(a)¢ -y, cose)

Q= (u)¢ —@,, COS 6)(@

y SINOsIn G — g cosq))

("’\v sinBsin ¢ — g cos¢)((o\v Sin0cosd — wgq sin ¢)

M i L — matrix-columns of the projections of the
main moments of loads and the main moments of
the reactions of supports on axes invariably
associated with the power aggregate,

M =coI(Mg,Mn,M€) L:col(zn;‘Lé,Znilm,Zn;Lg}

Projections of the main moment of loads are
determined in a coordinate system CE&ng based on
the analysis of the work of mechanisms of the
aggregate. Projections of the main moment of the
reactions of supports found with (23) in the form

n
L= ADL{C[ X +(D-1)g; |+ N;DAGQ, |
i=1
(26)
where A — square matrix what is determined by the
dependence (20), D1=D™, moreover

d1;; = cosy cos ¢ —sinycososin ¢;
d1;, =sinycos ¢+ cosy cososin ¢;
dly; =sin6sing;

dl,; =—coswysind—siny cosOcos ¢;
dly, =—sinysin ¢+ cosy cos 6 cos ¢;
d1,; =sin0cos¢;

dl;; =sinysin®; dl;, =—cosysino;
d1;; =cosé.

Thus, taking into account the dependence (5),
(7, (25), (26), the equation of motion of a
spherical power aggregate write in the form

dQ
J| G “'+HQW +KQ=
dt

=M —iAiD_l{Ci [ X¢+(D-1)Z; ]+ N;DAGO,, |
i=1

av_
dad ¥
(27)
moreover,
¥ =col(y,6,9).

Based on the proposed mathematical model
the dynamics of the power aggregate YaMZ 238
with the following suspension options has been
explored: three-support, four-support, five-support
are considered in our research.

It was found that the amplitude of oscillations
depend strongly on both the crankshaft speed of
power aggregate and the parameters of its pendant.
With increasing of cyclic frequency in the range of
80 rad/s to 220 rad/s the amplitudes are
monotonically decreasing. The largest were
vertical displacement amplitudes of the center of
mass of the aggregate and the smallest were the
amplitudes of horizontal displacement in the
direction of the axis Oy. Comparing the maximum
significance of the amplitudes of translational
displacements of the center of mass of the power
aggregate obtained for different types of
suspension, it can be concluded that the most
appropriate is three-support suspension of the
power aggregate. Three-support and five-support
suspensions are characterized by large amplitudes
of oscillations of the center of mass of the
aggregate, which can be explained by the
narrowing of the resonance between the field of
oscillations of mechanical system due to increase
of its rigidity.
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4 Conclusion

A mathematical model of the spatial vibration
powertrain  bus enables to conduct a
comprehensive analysis of the impact of the
structure and elastic-dissipative characteristics of
suspension elements on the parameters of vibration
of the unit. The model provides the necessary
precision vibration analysis process, since it takes
into account the geometric nonlinearity of the
mechanical system and gyroscopic effects that
inevitably occur during spherical rigid body
motion. It is shown that reducing the amplitude of
vibration of powertrains cannot always be achieved
by increasing the stiffness of the suspension. To
achieve this goal it is necessary to implement
operational modes implemented in the frequency
domain interresonant mechanical system.
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